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For a calculation of the plant canopy bidirectional reflectance distribution function (BRDF) the Monte Carlo method 
is used. The plant architecture is given by a rather universal mathematical model which allows to consider such 
structural parameters as canopy density and height, the number of leaves per plant, distance between leaves, 
dimensions and orientations of leaves and stems, etc., and their influence on the shape of the BRDF as a function of 
solar and view directions. To quantify these effects, a series of numerical experiments has been carried out. The 
information content of the BRDF about canopy architecture is the largest, if it is determined in the principal plane. 
The change of the BRDF in the region of "' hot spot" characterizes leaf dimensions by increasing the leaf area or by 
decreasing the distance between leaves, the region of the "hot  spot" increases. The change of the BRDF near nadir 
view direction is influenced by soil brightness and by arrangement of the leaves on the stem. The presence of vertical 
stems or nonhorizontal mat leaves increases the asymmetry of BRDF relative to nadir; in the opposite side of the sun 
the canopy reflectance is several times smaller than on the sun side. Adding the effect of multiple scattering to the 
BRDF changes the shape of BRDF only a little. The BRDF as a function of view directions contains information about 
canopy architecture and can be used for future progress of the remote sensing technique. 

In troduct ion  

In remote sensing studies of vegetation 
the central task is the solving of the in- 
verse problem, i.e., the determination of 
agronomical characteristics necessary for 
crop management from the optical canopy 
characteristics (e.g., Goel and Strebel, 
1983). The theoretical basis for the solv- 
ing of such a problem is a mathematical 
model of canopy bidirectional reflectance 
distribution function (BRDF). During the 
last decade several canopy reflectance 
models have been proposed (e.g., Suits, 
1972; Goudriaan, 1977; Ross, 1981; Kimes 
and Kirchner, 1982; Norman, 1984; 
Verhoef, 1984; Chen, 1985, see the re- 
view of models by Goel, 1982). All these 
models consider the canopy as a turbid 
plate medium in which leaves are mod- 
eled as thin little plates distributed ran- 
domly in horizontal layers and oriented in 
given directions. In these models the 

canopy architecture which plays a deci- 
sive role in canopy reflectance has been 
taken into account approximately usually 
through the leaf area index and through 
the leaf inclination angle distribution 
function only. Consideration of such im- 
portant canopy parameters as canopy 
height, leaf dimensions, effective distance 
between leaves, nonrandom distribution 
of leaves, etc., is in principal impossible 
by means of these models due to the 
turbid medium concept. An attempt to 
introduce the hot spot affect on the basis 
of the turbid medium concepts has been 
made by Kuusk (1985), who considered 
the plate medium, in horizontal elemental 
layer of which the plates have finite di- 
mensions and nonrandom distribution. 
The use of two-direction indicator flmc- 
tion in solving the radiative transfer equa- 
tion gives the BRDF with hot spot. One 
of the ways to treat canopy architecture 
in more detail in calculations of the BRDF 
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is the use of the Monte Carlo simulation 
method. The Monte Carlo method for the 
study of the canopy light regime was first 
used by Japanese scientists (Tanaka, 
1969; Oikawa and Saeki, 1972; 1977). 
Szwarchbaum and Shaviv (1976) used the 
Monte Carlo method for evaluating the 
radiation field inside plant canopies. 
Kanevskii and Ross (1982, 1983) used this 
method for the calculation of the BRDF 
of a coniferous tree. Gerstl et al. (1986) 
proposed a simple three-dimensional 
Monte Carlo ray tracing model and an 
analytic two-dimensional model to esti- 
mate the angular distribution of the hot 
spot as a function of the leaf size. Their 
results show that the brightness distribu- 
tion and slope of the hot spot change 
distinctively for different leaf sizes indi- 
cating a much more peaked maximum for 
the smaller leaves. Ross and Marshak 
(1984) constructed a rather universal 
model of the plant canopy architecture 
containing the most essential structural 
parameters and elaborated the Monte 
Carlo procedure for computing the BRDF 
of this model canopy. The aim of the 
present paper is to present the Monte 
Carlo computational procedure and to 
ca l cu la t e  the  B R D F  us ing  the  
Ross-Marshak canopy model and to 
evaluate the role of various parameters 
affecting the canopy BRDF. 

The Model of Canopy Architecture 

Let our canopy with a height H consist 
of model plants planted in checkrows and 
let A be the distance between the plants 
(Fig. 1) Hence the plant area density is 
1 /A  2 plants per m 2. Each plant has a 
vertical cylindrical stem with a diameter 
d e, N L elliptical leaves with a length dL1, 
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FIGURE 1. A model of the canopy architecture. 

ly 

and a width dL2. The height of the first 
leaf above the soil z 1 is a random quan- 
tity given by a normal distribution with 
a~l and o~1. The azimuth angle of the 
first leaf is also a random quantity, a 1 
with a uniform distribution. The distance 
between the neighboring leaves zr is a 
constant value. So NL = [(H - zl)/z,] + 
1, where [ ] is an integer part and the 
height of the j th  leaf is zi= Zl+  
( j  - 1)zr. The azimuth of the second leaf 
is a 2 = a I + a,, of the j th  one a i = 
a 1 + ( j - 1 ) a , ,  where ar is the azimuth 
angle between the successive leaves on 
the genetic spiral. All the leaves have a 
constant inclination angle t~ L. The direc- 
tion of the j t h  leaf normal is nLj= 
(OL, q0Lj ). Let the stem and the leaf 
normal nLi be placed on the same verti- 
cal plane, then q0rj = ¢r + a The leaf 
area index of such a mode{" canopy is 
LAI = ¢rNLdLldL2/4A 2. 
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In the following the numerical experi- 
ments were carried out with two types of 
the canopy. 

Canopy A. Round horizontal ~i. = 0 
leaves with the diameter d lA=dl . e  = 
4 cm, L A I = l . 1 9 ,  H = 1 0 0  cm, d , =  
0.0 cm, A = 1 0  cm. z r = a . ~ = 1 0  cm, 
o~1 = 3 cm, a~ = 2~r/3. Of the real cano- 
pies the horse bean (Vicia faba L.) crop 
corresponds to this model canopy most of 
all. 

Canopy B. Elliptical leaves with the 
length dl, l = 16 cm and with the width 
d~, 2 = 1 cm and with the inclination angle 
~1, = 7r/3. A = 5 cm, the crop dens i t y -  
400 plants per m e, d ,  = 0.6 cm, zr = a~-i 
=8 .9  cm, o~1=2.7 cm, a~=~r. This 
model canopy corresponds to the crop of 
cereals. 

The Monte Carlo Method 

The Monte Carlo method is the method 
of the simulation of random variable 
quantity in order to estimate some of the 
characteristics of their distribution 
(mathematical  expectation, moments, 
etc.). If we compute the model of a real 
process according to the Monte Carlo 
method, we simulate the random variable 
connected with this process. However, 
the direct imitation or the so-called 
method of a straightforward simulation 
that traces the history of each photon 
from "bir th"  to "death," does not always 
lead to satisfactory results. For example, 
this method is acceptable for the estima- 
tion of the penetration through the plant 
canopy, since each photon makes "a con- 
tribution'" to the estimated function. The 
situation with the estimation of the BRDF 
is rather different. If we use straight 
simulation, some of the photons (often 

considerably many, depending on optical 
properties of the phytoelements) are ab- 
sorbed by the media and do not contrib- 
ute to the BRDF estimate. Therefore, the 
computer time spent on the examination 
of their "fate" is inexpediently used. 

Below we propose the algorithm which 
is free from such defects. First we model 
without absorption, changing accordingly 
the "weight"  of the photon. Secondly, we 
use the so-called "fictitious flight." After 
each interaction the portion of the 
"weight"  of the photon is directed to the 
receivers that are above the canopy. And 
each photon multiply makes a contribu- 
tion to the BRDF estimate. And thirdly, 
our computed estimates are without shift- 
ing although we do not spend computer 
time for the study of the "fate" of the 
photon, if its "weight" is small. 

We shal describe shortly the algorithm 
of the Monte Carlo method which in our 
opinion is most suitable for the estimation 
of BRDF for such a model. 

1. Realization of the plant canopy 
model. We consider the plant canopy to 
be a horizontally infinite field that con- 
sists of identical test areas and each area 
includes Nv z plants. We assume that the 

• photon flies out across the lateral wall 
and flies into the opposite wall of the 
next area at the same angles (Oikawa and 
Saeki, 1972). Naturally a question arises 
about the choice of N v. It is clear that if 
N v increases, the degree of the periodic- 
ity of the canopy decreases; on the other 
hand, the computer time spent on the 
modeling of the test area increases. We 
describe the finding of the optimal N~, in 
Appendix 1. 

The second question is the optimal 
choice of the number of the photons M 
whose histories are considered in the 



216 J. K. ROSS AND A. L. MARSHAK 

constructed system (one realization of the 
random number that characterizes the 
model of the plant canopy). This question 
is discussed in Appendix 2. 

2. Choice of  the initial point of  the 
trajectory. We propose that it is uni- 
formly distributed on the upper side of 
the test area. 

3. 7"he flight's direction and the 
"'lceight" of  the photon. In the case of 
direct solar radiation the "weight" of the 
photon W = 1 and the flight's direction is 
(0~, ~ ) .  If radiation is diffuse, then W = 
SKYL (Goel and Thompson, 1984), and 
the flight's direction is defined according 
to Appendix 3. 

4. Definition of  the length of  free 
flight. The length of a free flight in the 
constn~cted model is defined according to 
the finding of the point of the intersec- 
tion of the trajectory with the phytoele- 
ment  and soil. It is pointed out that an 
ordinary choice of all phytoelements takes 
too much computer time. Therefore, this 
step of the algorithm must be sufficiently 
optimized by the choice of only those 
phytoelements that may be intersected 
with. 

5 "'Fictitious flight." After intersec- 
tion with phytoelement or soil we send 
the photon in the direction of each re- 
ceiver at a solid angle Af~ i, i = 1,2 . . . . .  L 
(L = is the number of receivers). The 
"weight"  on the photon W changes 
according to Appendix 4. If the length of 
the free flight is more than the distance 
between the point of intersection and the 
receiver, then the value W is added to 
the digital count of the corresponding 
receiver. In the opposite case the "ficti- 
tious flight" in the direction of the i th 
receiver is finished. 

6. Further movement of the photon. 
First the type of the interaction is defined 

(Appendix 5), and then the direction of 
movement (Appendix 6). The "weight" 
W changes according to Appendix 7. 

7. Departure from the inner cycle. 
The inner cycle is a trajectory of one 
photon. It contains the procedures 4 (with 
an escape), 5, 6, and 7. The departure 
from the cycle is described in Appen- 
dix 8. 

8. Departure from the outer cycle. 
Takes place if all photons have been 
accounted for. Their number is taken so 
that the root-mean-square error E was no 
more than the given admissible accuracy. 

The question of substantiation and 
estimation of the method's accuracy are 
discussed by Ross and Marshak (1984). 

R e s u l t s  o f  N u m e r i c a l  E x p e r i m e n t s  

The BRDF was calculated for the red 
region and the photosynthetically active 
region (PAR) of the spectrum, consider- 
ing only first-order scattering and for the 
near infrared (NIR) region considering 
also the multiple scattering. The spectral 
coefficients of the leaf reflection R L and 
transmission TL, stem reflection R s and 
soil reflectance b s are given in Table 1. 
The stem transmission T s = 0. For crop B, 
calculations were carried out for different 
phenological stages. 

Figure 2 demonstrates the behavior of 
the crop BRDF in the red spectral inter- 
val during the growth period. Since in 
this situation the soil reflectance is higher 

TABLE 1 Spectral Coefficients of Vegetation and Soil 
Used for Model Calculations 

S P E c ~  bs bs 
REOION RI, T~. as DRY WET 

Red 0.06 0.03 0.09 0.14 0.06 
PAR 0. l0 0.05 0. l0 0.10 0.06 
NIR 0.48 0.45 0.30 0.30 0.13 



MONTE CARLO CALCULATION OF CANOPY REFLECTANCE 217 

! 

0.O61 
/ 

/ 

/ 0.04' 
/ i111~ 

/ o.o~,~ 

/ / 
/ / 

/ / 
/ /  / 

/ / 
/ / 

• \ I 

FIGURE 2. Polar diagram of the canopy BRDF on the 
principal plane at different growth stages. Canopy B; solar 
zenith angle ~0 = ~r/5; dry soil; red spectral interval. 

CROP LEAF STEM 

No. OF GROWTH HEIGHT AREA AREA 
CURVE STAGE (CM) INDEX INDEX 

1 tillering 20 0.875 0 
2 stem elongation 40 2.0 0 
3 heading 80 4.0 1.9 

than that of the leaves so by increasing 
the leaf area index, the crop reflectance 
decreases. For canopy with nonhorizontal 
leaves typical is the great asymmetry of 
the BRDF in relation to the nadir view 
direction, the reflectance being much on 
the side of the sun and the presence of 
stems in fully developed crops increases 
this asymmetry since the stem transmit- 
tance is zero. The contribution to the 
crop BRDF asymmetry is caused particu- 
larly by the fact that leaf reflectance is 
twice as great as leaf transmittance. 
Hence  the main reason for such asymme- 
try is as follows: In spite of the uniform 
azimuthal distribution of the nonhorizon- 
tal leaves, the leaves whose normals have 
been directed to the opposite side of the 
sun (q0 L = q0o) are not illuminated by di- 

rect solar beams. The main contribution 
to the BRDF gives the photons reflected 
from the leaves whose normals are di- 
rected to the sun's side (q0 L = ¢po + or). 
The minimum of the BRDF at # = ¢r/6 
with ¢PL = ¢Po is caused by the above- 
mentioned effect and by the inclination 
angle of leaves O L = ¢r/3. It is clear that 
such effect is most pronounced in the 
case of 00 = ~r/2 - ~L" Note that for the 
canopy with uniform leaf normal distri- 
bution the influence of the above men- 
tioned effect decreases. 

In Fig. 3 the crop BRDF with horizon- 
tal round leaves at different leaf diame- 
ters are presented. Increasing the leaf 
diameter correspondingly decreases the 
distance A between the plants, the leaf 
area index being constant, L L = 2.69. The 
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FIGURE :3. Polar diagram of the canopy bidirectional 
reflectance on the principal plane. Canopy A; spectral 
region of PAR; LAI = 2.69. 

No.  OF LEAF DIAMETER DISTANCE BETWEEN 

CURVE (CM) PLANTS A (CM) 

1 16 27 
2 4 7 
3 2 3 

j. K. ROSS AND A. L. MARSHAK 

crop with horizontal leaves in comparison 
with nonhorizontal ones has a much 
greater degree of symmetry in relation to 
the nadir view direction. The asymmetry 
is caused by the hot spot effect and the 
area of the hot spot around solar direction 
greatly increases with an increase in the 
leaf diameter. Thus the degree of a de- 
crease in the reflected intensities around 
solar direction may be a new characteris- 
tic for determining the effective leaf di- 
mensions of the plant. 

The soil reflectance has a great in- 
fluence on the crop BRDF in a sparse 
crop. It is demonstrated in Fig. 4, the soil 
reflectance varying from a very dark soil 
(b,  = 0 and 0.1) to a snow cover (b s = 0.6 
and 0.8). The sensitivity of the crop BRDF 
to the soil reflectance is maximal in the 
directions around nadir and solar beam. 

FIGURE 4. Polar diagram of the sparse canopy BRDF on the principal plane at 
different soil reflectance b s. Canopy A; spectral region of PAR. bs: 1) 0; 2) 0.1; 3) 0.2; 4) 
0.4; 5) 0.6; 6) 0.8. 
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FIGURE 5. Polar diagram of the canopy bidirectional reflec- 
tance on the principal plane at different solar zenith angles. 
Canopy B; red spectral interval; Heading growth stage; L L = 4.0, 
L s = 1.9. V~o: 1) 0, 2) 0.1~r; 3) 0.2qr; 4) 0.3m 5) 0.4~r. 

In other directions the crop brightness 
increases monotonically with an increase 
in the soil reflectance. 

In Fig. 5 the dependence of the crop 
BRDF on solar zenith angle is shown. 
The total amount of reflected radiation 
and asymmetry of the BRDF increase 
with an increase in the solar zenith angle. 
By increasing the solar zenith angle the 
role of stems in total reflectance in- 
creases. A very high reflectance in the 
nadir at the zero solar zenith angle is 

caused by two factors: by the effect of 
hot spot and by the maximum probability 
to see bright soil through the canopy. 

On the sun's side (cp=q~o+~r) the 
BRDF increases by increasing the sun's 
elevation. It is not so on the opposite side 
of the sun (cp = 9o) near the view zenith 
angle v ~ = ~'/4. At the sun zenith angle 
#o = 0 the contribution of the bright soil 
is maximal. By increasing of ~0 the in- 
fluence of the soil decreases and leading 
off with ~o - 2 ~r/9, the probability to see 

! 0.3 
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FIGURE 6. Polar diagram of the canopy BRDF on the principal plane 
considering different orders of scattering. Canopy B; spectral region of 
near infrared radiation; heading growth stage; L L = 4.0, L s = 1.9. 
1) first-order; 2) second-order; 3) third-order; 4) fourth-order. 
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sunlit soil at ~ = 7r/4 is near zero. The 
reflectance of the soil-canopy system is 
formed by reflection from all canopy 
layers, the lower ones being shaded by 
the uppermost ones. With a further in- 
crease of the solar zenith angle the contri- 
bution of the uppermost layers without 
shading increases and the total reflec- 
tance of the system increases also. 

The results presented in Fig. 2-5 were 
calculated for the visible spectral region, 
including only first-order scattering. The 
calculations of the crop BRDF in the NIR 
spectral regions need to consider the mul- 
tiple scattering due to high scattering 
coefficients of plant elements. As shown 
in Fig. 6, an increase in the order of 
scattering in calculations essentially in- 
creases the reflected radiation although 
the shape of the crop BRDF changes only 
a little. The minimum of the BRDF is 
replaced on the opposite side of the sun 
at the zenith angle v~ = ~r/6. With in- 
creasing the order of scattering the 
minimum is less pronounced. 

Conclusions 

The results presented in this paper 
demonstrate that the Monte Carlo simu- 
lation method is a useful tool for evaluat- 
ing the influence of the canopy architec- 
ture on the BRDF of the soil-canopy 
system. The method allows us to consider 
the role of such canopy parameters as leaf 
dimensions, plant height, distance be- 
tween leaves etc., which is impossible to 
estimate by means of the classical theory 
of radiative transfer for random distribu- 
tions scatterers. 

The BRDF of all types of the canopies 
considered here has a noticeable hot spot 
effect. By increasing leaf dimensions or 

by decreasing the distance between leaves 
(Fig. 3) the region of the hot spot in- 
creases around direction of the solar retro 
direction. It means that the behavior of 
the BRDF around the region of the hot 
spot may be an indicator of leaf dimen- 
sions and gives us a key for determining 
these canopy characteristics by remote 
sensing. The BRDF as a function of the 
zenith angle of view direction is mod- 
erately symmetrical relative to both sides 
of nadir, if the canopy has mostly hori- 
zontal leaves. In the case of nonhorizontal 
leaves there arises a great asymmetry and 
on the opposite side of the sun (q~ = %) 
the values of the BRDF at the same 
zenith angle are many times smaller than 
the values on the sun's side (q9 = % + ~r). 
The asymmetry effect will be especially 
boosted by cereal crops through the ad- 
ditional effect of vertical stems. 

It can be concluded that the degree of 
asymmetry of the BRDF relative to both 
sides of the nadir direction may be a 
useful indicator of the orientation of the 
phytoelements and gives us a possibility 
to determine this canopy characteristic 
by remote sensing. 

The influence of the soil brightness is 
maximal on the direction of nadir. At the 
zenith angle ~ -  ~r/4 this influence is 
negligible if the leaf area index is not very 
small. Thereby the difference of values of 
the bidirectional reflectance between ~r/4 
and 0 may characterize the difference 
between leaf and soil brightness (Fig. 4). 
If this difference is positive, the leaves 
are brighter than the soil and vice versa. 
The determination of the sign of this 
difference is important since on it de- 
pends the shape of the BRDF as a func- 
tion of solar elevation. Our results in case 
of mat leaves show that the bidirectional 
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reflectance as a function of the view of 
the zenith angle has four informative re- 
gions for the remote sensing problem. 
The first one is the region of hot spot and 
the shape of the reflectance function 
characterizes the leaf dimension (Fig. 3). 
The second one is the region around the 
nadir direction, and the shape of the 
function is influenced by the soil bright- 
ness (Fig. 4) and by individual plant 
geometry. The third one is the region 
near the view inclination angle about 7r/4 
on the opposite side of the sun, and the 
reflectance function characterizes optical 
properties of leaves and the amount of 
the canopy leaf area (Fig. 2). The fourth 
one is the region around the direction of 
0 = 0 o on the opposite side of the sun. 
The existence of the minimum of BRDF 
shows us that the leaf inclination angle 
v~l, = ~r/2 - 00 (Figs. 2 and 6). 

It must be noted that the regularities of 
the BRDF function was considered above 
only for the principal plane. The shape of 
the reflectance function on the plane per- 
pendicular to the solar one (q0 = % + ~r/2 
and q)= % +37r/2)  is much more sym- 
metrical relative to the nadir direction 
and contains less useful information about 
canopy architecture. 

The addition of multiple scattering in 
the near infrared region does not essen- 
tially change the shape of the BRDF as a 
function of the solar and view zenith 
angles in comparison with the first-order 
scattering approximation only. 

To quantify the effects of the influence 
of the parameters of canopy architecture 
on the BRDF and to use these effects for 
the determination of the additional 
canopy structure parameters by the re- 
mote sensing techniques, more detailed 
field BRDF measurements are needed. 

Appendix 

1. The choice of an optimal Np 

Let x ~, be the weighted average of the 
' p 

estimates of unknown functions if the test 
area includes N~ 2 plants and e is the 
derived accuracy of the calculation. The 
number  Np is chosen as a minimum n at 
which the inequality 

Ix,~ - Xn_l[ < ~ 

is valid. 

2. The choice of an optimal M 

This choice is made according to the 
method  of splitting (Ermakov and 
Mikhailov, 1976). In our model it is the 
following. For one value of the con- 
structed model of plant canopy we change 
m values of ~ that characterizes the ran- 
domness of the trajectory. The optimal 
value m = M of the values ~l . . . .  ,4., is 
defined by minimizing on m of the value 
7,, Dp .... where 7,, = t I + mt2, Dp,, is the 
dispersion of a random estimate of un- 
known functionals, t I is the average time 
of construction of the realization of the 
canopy model and t 2 is the average time 
spent on the calculation of a trajectory 
within a constructed model. 

3. The modeling of the 
direction of diffuse radiation 

If the sky is uniformly bright, we may 
approximate the diffuse radiation by the 
formula (Ross, 1981) 

Dl(O ) =2cosOsinO, O~ (O,~r/2), 

and, in the case of a standard cloudy sky, 
by the formula 

D e (0) = 6 /7(1  + 2 cos 0)cos 0 sin 0. 
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It is obvious that  p lace  on the opposite  side. Thus 

fo ) dO = 1, i = 1,2. 

It follows from this and from the equation 

fo ~'D~(O) dO = a,  i = 1,2, 

whe re  a ~ (0,1) is uniformly distr ibuted 
such that 

cos ~l = ~/1 - a ,  sin ~x = v~- 

and the random value ~ = cos ~2 satisfies 
the  equat ion  

4 #  3 + 3/t 2 = 7(1 - a ) .  

It is not  difficult to see that the last 
equat ion  has a real positive solution /x*, 
which  may  be  easily found according to 
Newton ' s  method,  where  the initial da tum 
is /.to = 1. 

4. The "weight" of the 
photon at "fictitious flight" 
1. From the leafs  surface. Let r L = 

(OL, q~L) be  a normal to the leaf and we 
suppose  that  the reflection is the Lamber t  
law along 0 and uniformly in leaf's plane 
along cp. Le t  us define P( Ox, 02, cpl , cp2 ) as 
the  probabi l i ty  that  after the interaction 
the pho ton  reflects in the direction of 
r = (0,  rp), where  0 E (01,02) , q0 
(q91, q%), and 01, 02, col , ep2 are given. 

Le t  ~, = cos(r  L, r), then the phase 
funct ion is 

= = 2[cos 0 cos oL 

+sinOsinOLeOS(rp--epL)]. (1) 

P( 01, 02, q~l, eP2) 

=c f ° ° - f~2g (7 ) s inOdOde  p 
Ol % 

+ cos( ~ - q)L )sin 0 L 

× (arccos/a 2 -- arccos ~t 1 

He re  Aep = q92 - q01, ~ = (rpl + q~2)/2, /~1 
= cos 01, /~2 = cos 02, and c is R L or TL, 
depend ing  on its describing a "fictit ious 
fl ight" reflection or transmission by  the 
leaf. 

2. From the stem's surface. In this 
case r L = (~r/2, ePL), where  q0 L is the 
az imuth  angle of the normal to stem in 
the  point  of interaction. If q0 L has the 
value so that  7 = sin 0 cos(q) - q0 L) < 0, 
then reflection does not occur, and the 
constant  c = R s. 

3. From the surface o f  the soil. For 
soil surface r~ = (0,0) and g(2/) = 2cos 0. 
F rom this 

e(01, 02, r l ,  -- b a¢ 

Thus,  the " w e i g h t "  of the photon in "f ic-  
titious flight" is W - P ,  where  W denotes  
the  " w e i g h t "  of the photon before inter- 
action. 

5. Determination of the type of interaction 

W e  simulate the discrete random num- 
ber,  the  distr ibution of which is given by  
the table 

W e  propose  that y > 0. In the opposi te  
case 0 L : =  01. -t- 71" and reflection takes 

reflection transmission ) 
WLR 
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where Wan = P (~ = reflection), War = P 
(~ = transmission). We write the value of 
Wan and WLT in the case of interaction 
of the photon with the upper surface of 
the leaf (for details see Ross and Marshak, 
1984), namely, 

f l  
W L R  = Q1 + Q2 ' WaT = 1 - W a R ,  

where 

Q o = r l .  1 ~r~ . 

If the photon falls on the lower surface of 
the leaf, then in the equalities for Q1 and 
Q~. coefficients R L and T a and indices 1 
and 2 change their places. 

Then, the type of interaction depends 
upon the inequality a < WLR. If it is valid, 
then reflection takes place, in the oppo- 
site case, it is transmission. 

6. Direction of the flight 
of the photon after interaction 

The scattering of the photon of the leaf 
surface is assumed to be Lambertian, and 
the probability that the photon will be 
scattered at a given angle depends only 
on the orientation of the surface. The 
phase function g, defined by (1) is nor- 
malized by the equality f0Xg (y) d y = 1 and 
it is the density of the distribution of a 
continuous random variable 3'. From this 
according to the rule of simulation of a 
continuous random variable (Ermakov 
and Mikhailov, 1976) from the equation 

fo+g (r) t t 01~ ~ 

we obtain that cos(r a, r ) =  v/a - and then 
sin(r a, r) = ~ / 1 - a ,  where a is a random 
number from a uniform distribution on 
[0,1]. The outgoing azimuth has a uni- 
form distribution on the plane of the leaf 
and its functions cos and sin can be 
simulated as an isotropic vector on this 
plane (Ermakov and Mikhailov, 1976). 
Now the outgoing zenith and azimuth 
angles must be transformed into coordi- 
nates relative to the standard x - y - z  
system using the matrix of transformation 
(Cooper and Smith, 1985). (Note that for 
the economy of the computer time we do 
not use the angles themselves but their 
sin and cos.) 

In the case of scattering of the stem's 
surface we put r L = ( 7r/2, ¢Pa), where ¢Pa 
is the azimuth of the normal to stem in 
the point of interaction. 

7. The change of the 
"weight" of the photon 

Taking into account the "fictitious 
flight" of the photon, its "weight" after 
interaction can be calculated by 

W=cB(1- 

where B is the "weight" of the photon 
before interaction and c is the constant 
that equals to Ra,  TL, R s and b s, de- 
pending on the phytoelements (or the 
soil) being interacted with. We note that 
if the photon interacts with the leaf, the 
surface of the leaf is considered (for de- 
tails see Ross and Marshak, 1984). 

8. Unbiased estimation 

When W becomes sufficiently small, it 
is "' not profitable" to continue the calcu- 
lation of its trajectory. In order not to 
neglect such a 'weight," we undertake a 
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random cu t  off of the trajectory (Sobol, 
1973). 

Let W < e, then there arises an alterna- 
tive, either the "weight"  of the photon 
with probability q becomes W / q  or its 
trajectory ends with probability 1 - q. But 
the "weight"  of the photon remains on 
an average unchanged as 

q . ( w / q ) + 0 . ( 1 -  q) =w.  

(The question of the optimal change of q 
remains still open.) 
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